A class of solutions of the Nagumo equation are obtained by the Painlevd approach. Some new solutions are given. Travelling wave solutions of a related porous medium problem are also found.
Introduction
Nagumo et al. [1] modelled an active pulse transmission line simulating a nerve axon by a nonlinear reaction-diffusion equation called the Nagumo equation. This is used widely in biology, circuit theory, and other fields [2] [3] [4] [5] . Some authors [6, 7] looked for periodic solutions. Others [8] [9] [10] found travelling waves with positive constant speeds. Many precise methods have been applied to study these kinds of solutions: for instance, the Conley index method, bifurcation theory, and asymptotic analysis [11] [12] [13] . But, in general, they are not constructive methods.
For a number of reasons, we are also interested in analytic solutions of the Nagumo equation. For example, we wish to find solutions without constant speeds, but which tend to travelling waves asymptotically as r-><». At present, effective techniques for finding such solutions are not available. On the other hand, many powerful methods have been developed for soliton theory. Most of them are only useful for integrable systems, but some can be generalized to nonintegrable systems, such as reaction-diffusion equations. As is well known, Ablowitz & Zeppetella [14] used a Painleve" expansion to construct an explicit solution of the Fisher equation for a special wave speed. Also, Guo Ben-yu & Chen Zhi-xiong [15] derived general solutions including heteroclinic and periodic solutions. For the Nagumo equation, Kawahara & Tanaka [16] used a direct method to obtain analytic solutions, while Hereman [17] obtained some analytic solutions using the PainlevS approach. Conte [18] and Cariello & Tabor [19] followed this line to investigate the real version of Newell-Whitehead (KPP) equation, which is a special case of the Nagumo equation.
This paper is devoted to analytic solutions of the Nagumo equation using the Painleve" test. In Section 2, we give a Painleve" expansion and an auto-Backlund transformation. In Section 3, we derive a class of solutions. In Section 4, we consider several special cases. We not only recover all known solutions in [11, [16] [17] [18] [19] but also get some interesting new solutions. Meanwhile, we obtain travelling wave solutions for a porous medium problem by the combination of the results we obtained with the paper of Engler [20] .
We notice that the techniques used in this paper can be used for other equations arising in biology. They can also be generalized to systems of nonlinear partial differential equations. Indeed, the authors [21] have obtained some analytic solutions of the carrier flow equations by this approach.
The Painlevl analysis and anto-Baddond transformation
The Nagumo equation is
where a is a constant and -1 =Sa < 1. This equation has three constant solutions: u = 0, a, 1. Linearized stability analysis shows that u = a and u = 1 are stable while u = 0 is unstable when -ls£a<0; but w = 0 and u = l are stable while u = a is unstable when 0 =£ a < 1.
We now turn to the Painlev6 analysis. Let <p(x, t) = 0 be the solution singularity manifold of (2.1), and
If we substitute (2.2) into (2.1) and find that (i) p is a positive integer, (ii) all Uj are analytic functions of (x, t) and have enough free functions in the sense of the Cauchy-Kowalewsky theorem, (iii) <j> is noncharacteristic, that is, <p x <p, =£0, (iv) the recursion relationships for Uj are consistent, then we say that (2.1) has the Painlev6 property for partial differential equations [22] .
Substituting (2.2) into (2.1), we have p = 1 and Clearly, the resonance points ; = -1,4 correspond to the free singularity manifold function (p(x, t) and the arbitrary function u 4 . Furthermore, for / = 1, we obtain from (2.5)
-T + «(frf 3 \ 6 <p x 2 <p x We now take the Kruskal prescription [22] <p = x + i/>(r) to observe the consistency of the recursion relationships (2.5). We find that it is inconsistent at the resonance point -4. Therefore, equation (2.1) does not have the Painlev6 property for partial differential equations. But this failure does not stop us from obtaining interesting results, which will be given hereafter.
We first obtain its auto-Backlund transformation by using the technique of truncation [22] . Let u, = 0 for all / > 2, then
Moreover, (2.5) leads to
We find that (2.9) is just the same as (2.1). Hence (2.7) is an auto-Backlund transformation for the Nagumo equation provided that <p satisfies (2.8) and (2.9).
Analytic solutions
In this section, we follow the idea of Conte [18] to derive analytic solutions. We define
where 5 is the Schwartzian derivative. These are invariant under the homographic transformation 
-a + \)C -^ (a + l)(a -2)(2a -1). (3.8)
By differentiating (3.8) with respect to x and substituting the result into (3.7), we obtain C, = 2CC,-3C xr , (3.9) and thus (3.8) reads
In order to solve these equations, we introduce the Cole-Hopf transformation
C=-3fJf, f=f(x,t).
Then (3.9) and (3.10) become /, = -3/» (3.11) and (3.5) .
In order to obtain an explicit expression for <p, we have to solve the hyperbolic equation tf>, + C<k = 0, (3.14) where C is given by (3.13). If 0 is a special solution of (3.14), then, for any arbitrary function 0(0), <P(tf>) is also a solution. By substituting <p = 4>(<£) into (3.1), we find that If, in addition,
S-S(4>) = -C x + lC 2 -$(a 2 -a + l)-S($) = 0, (3.16) then
where p, q, m, and n are arbitrary constants. Thus, we have from (3.4) fl + 1 /2E /2efc, Jlenfa
Finally, (2.7) gives
If we take the above solution to be u x in (2.7), then we get another solution which is exactly the same as (3.18). Therefore, no new solution is produced in the attempt to use (2.7) as an auto-Backlund transformation.
Some special cases
In this section, we consider several special cases. This solution was also found by Hereman [17] .
3. Let a = -l. In this case, (2.1) becomes Newell-Whitehead (or KPP) equation:
We have from (3.13) that This result was also found in [18, 19] . 
